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On the Tura´n number of the blow-up of the hexagon
Oliver Janzer∗ Abhishek Methuku † Zolta´n Lo´ra´nt Nagy‡
Abstract
The r-blowup of a graph F , denoted by F [r], is the graph obtained by replacing the
vertices and edges of F with independent sets of size r and copies of Kr,r, respectively.
For bipartite graphs F , very little is known about the order of magnitude of the Tura´n
number of F [r].
In this paper we prove that ex(n,C6[2]) = O(n
5/3) and, more generally, for any
positive integer t, ex(n, θ3,t[2]) = O(n
5/3). This is tight when t is sufficiently large.
1 Introduction
The Tura´n number (or extremal number) of a graph H, denoted ex(n,H), is the maximum
possible number of edges in an H-free graph on n vertices. The famous Erdo˝s–Stone–
Simonovits theorem [6, 4] states that ex(n,H) = (1 − 1χ(H)−1 + o(1))
n2
2 , which determines
the asymptotics of ex(n,H) when H has chromatic number at least 3. However, for bipartite
graphs, the theorem only gives ex(n,H) = o(n2). Finding better bounds in this case is a
central and difficult area in extremal graph theory. For example, a classical result of Bondy
and Simonovits [2] states that ex(n,C2k) = O(n
1+1/k), but this is only known to be tight
for k ∈ {2, 3, 5}. Recently, good estimates have been obtained for a wide range of graphs H,
especially for subdivisions.
The topic of this paper is the Tura´n number of blow-up graphs. For a graph F and a
positive integer r, the r-blowup of F is the graph obtained by replacing the vertices and edges
of F with independent sets of size r and copies of Kr,r, respectively. We denote this graph by
F [r]. The study of the Tura´n number of blow-ups was initiated by Grzesik, Janzer and Nagy
[8]. They proved, among other things, that when T is a tree, then ex(n, T [r]) = O(n2−1/r).
They have also made the following general conjecture.
Conjecture 1.1 (Grzesik–Janzer–Nagy [8]). Let F be a graph such that ex(n, F ) = O(n2−α)
for some constant 0 ≤ α ≤ 1. Then for any positive integer r,
ex(n, F [r]) = O(n2−
α
r ).
Their result mentioned above proves this conjecture when F is a tree. The conjecture
also holds when F = Ks,t and α =
1
s . This covers the case C4 = K2,2, but already when
F = C2k for some k ≥ 3, the conjecture is open. In this case, it can be stated as follows.
Conjecture 1.2. For any r, k ≥ 2,
ex(n,C2k[r]) = O(n
2− 1
r
+ 1
rk ).
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Since C2k[r] has maximum degree 2r, a result of Fu¨redi [7] (reproved by Alon, Krivelevich
and Sudakov [1]) gives ex(n,C2k[r]) = O
(
n2−
1
2r
)
. Very recently, the first author proved [9]
that ex(n,C2k[r]) = O(n
2− 1
r
+ 1
r+k−1 (log n)
4k
r(r+k−1) ), which improves this when k > r + 1.
In this paper we establish Conjecture 1.2 in the first unknown case – the 2-blowup of the
hexagon.
Theorem 1.3.
ex(n,C6[2]) = O(n
5/3).
In fact, we can prove a more general result about theta graphs. The theta graph θk,t is
the union of t paths of length k which share the same endpoints but are pairwise internally
vertex-disjoint. Note that C2k = θk,2. Our more general result is as follows.
Theorem 1.4. For any positive integer t,
ex(n, θ3,t[2]) = O(n
5/3).
This is tight for sufficiently large t by a general result of Bukh and Conlon [3], which
we will now state. Let F be a graph with a set R ( V (F ) of distinguished vertices, called
the roots of F . For any non-empty subset S ⊂ V (F ) \ R, define ρF (S) to be
eS
|S| , where eS
is the number of edges in F with at least one endpoint in S. Let ρ(F ) = ρF (V (F ) \ R).
We say that F is balanced if ρ(F ) ≤ ρF (S) for every non-empty S ( V (F ) \ R. For a
positive integer t, we define the rooted t-blowup of F to be the graph obtained by taking t
pairwise vertex-disjoint copies of F and, for every v ∈ R, identifying the various copies of
v. We note that, somewhat confusingly, the notions ‘rooted t-blowup’ and ‘t-blowup’ are
completely different. Observe that θk,t is the rooted t-blowup of the path of length k whose
roots are the leaves. Similarly, θk,t[2] is the rooted t-blowup of Pk[2] whose roots are the 4
vertices of degree 2. Let us write t ∗F for the rooted t-blowup of F . The result of Bukh and
Conlon is as follows.
Theorem 1.5 (Bukh–Conlon [3, Lemma 1.2]). Let F be a balanced rooted graph. Then there
exist a positive integer t0 = t0(F ) such that for every t ≥ t0,
ex(n, t ∗ F ) = Ω(n
2− 1
ρ(F ) ).
They stated their result in the case where F is a tree, but as Kang, Kim and Liu observed
[11], this assumption is not used in their proof.
Let F = P3[2] and let the roots of F be its degree 2 vertices. Then note that F is balanced
with ρ(F ) = 124 = 3. Moreover, as we have already remarked, θ3,t[2] is the rooted t-blowup
of this graph. Thus, it follows that for sufficiently large t we have ex(n, θ3,t[2]) = Ω(n
5/3).
Together with Theorem 1.4, we get the following result.
Corollary 1.6. For sufficiently large t, we have
ex(n, θ3,t[2]) = Θ(n
5/3).
1.1 Outline of the proof
Before we get on with the proof of Theorem 1.4, let us give a brief sketch of the argument.
First, using a standard reduction lemma, we will assume that our host graph G is nearly
regular. Then we will find many copies of P3[2] in G with a fixed pair of endpoints (x1, x2).
Here and below, P3[2] has vertices x1, x2, y1, y2, z1, z2, w1, w2 and edges xiyj, yizj , ziwj . It is
not hard to see that if G has minimum degree ω(n2/3), then for some pair (x1, x2) ∈ V (G)
2,
ω(n2) such copies can be found. This means that there will be ω(1) among these copies that
2
share the same (w1, w2). If we take t such P3[2]’s, their union is a homomorphic copy of
θ3,t[2]. However, it may be a degenerate one, i.e. some of the internal vertices may coincide
in the t copies of P3[2]. In order to prevent this from happening, we will only use P3[2]’s
in the above argument which satisfy some extra properties. For example, we only count
those P3[2]’s for which d(x1, x2, z1, z2) < 6t and d(y1, y2, w1, w2) < 6t. Lemma 2.3 below
will show that we do not lose too many P3[2]’s by doing so. We will also make sure that
in all our P3[2]’s, the codegree d(z1, z2) is roughly the same. Finally, we will insist that
d(x1, x2, z1) and d(x1, x2, z2) are not too large. In Lemma 2.5, we show that we have many
P3[2]’s possessing all these properties. Then we find many pairs of these P3[2]’s which share
the same endpoints. Using the extra properties of our P3[2]’s, we can argue that (unless
G contains θ3,t[2]) it is not possible that most pairs share an internal vertex. Hence, using
these internally vertex-disjoint copies of P3[2], we get a θ3,t[2] in G.
The next section naturally splits into two main parts. In Subsection 2.1, we show that
we have many P3[2]’s with the required properties. In Subsection 2.2, we show that there
cannot be too many pairs of these P3[2]’s which share the same endpoints and an internal
vertex.
2 The proof of Theorem 1.4
Notation. Given a graph G, we write N(v1, . . . , vk) for the common neighbourhood of
vertices v1, . . . , vk ∈ V (G), and we let d(v1, . . . , vk) = |N(v1, . . . , vk)|. Moreover, for a
set S ⊂ V (G), we write dS(v) = |N(v) ∩ S|. A graph G is called K-almost-regular if
maxv∈V (G) d(v) ≤ Kminv∈V (G) d(v), where d(v) denotes the degree of v.
We start with a lemma that allows us to restrict our attention to almost regular graphs.
A version of this lemma was first proved by Erdo˝s and Simonovits [5]. We use a slight variant
due to Jiang and Seiver.
Lemma 2.1 (Jiang–Seiver [10]). Let ε, c be positive reals, where ε < 1 and c ≥ 1. Let n be
a positive integer that is sufficiently large as a function of ε. Let G be a graph on n vertices
with e(G) ≥ cn1+ε. Then G contains a K-almost regular subgraph G′ on m ≥ n
ε−ε2
2+2ε vertices
such that e(G′) ≥ 2c5 m
1+ε and K = 20 · 2
1
ε2
+1.
It is well known that any graph with e edges contains a bipartite subgraph with at
least e/2 edges. This observation, combined with Lemma 2.1, reduces Theorem 1.4 to the
following statement.
Theorem 2.2. Let K be a constant and let G be a K-almost-regular bipartite graph on n
vertices with minimum degree δ = ω(n2/3). Then, for n sufficiently large, G contains a copy
of θ3,t[2].
2.1 Prescribing extra properties
As mentioned in the proof outline (Section 1.1), our first prescribed property is that the
quadruples (x1, x2, z1, z2) and (y1, y2, w1, w2) should have few common neighbours. The
next lemma will be used to achieve this.
Lemma 2.3. Let G be a θ3,t[2]-free graph. Let x, x
′, y and y′ be distinct vertices in G and
let R ⊂ N(y, y′) \ {x, x′}. Then the number of pairs of distinct vertices (z, z′) in R with
d(x, x′, z, z′) ≥ 6t is at most 4t|R|.
Proof. Take a maximal set of pairs (z1, z
′
1), . . . , (zs, z
′
s) ∈ R
2 such that z1, z
′
1, . . . , zs, z
′
s are all
distinct and d(x, x′, zi, z
′
i) ≥ 6t for every i. If s ≥ t, then we may choose w1, w
′
1, . . . , wt, w
′
t ∈
V (G) such that x, x′, y, y′, zi, z
′
i (1 ≤ i ≤ t) and wj , w
′
j (1 ≤ j ≤ t) are all distinct, and
3
wi, w
′
i ∈ N(x, x
′, zi, z
′
i) for all 1 ≤ i ≤ t. Then the vertices x, x
′, y, y′, zi, z
′
i (1 ≤ i ≤ t) and
wj , w
′
j (1 ≤ j ≤ t) form a copy of θ3,t, which is a contradiction.
Thus, s < t. By maximality, for any (z, z′) ∈ R2 with d(x, x′, z, z′) ≥ 6t we have
{z, z′} ∩ {z1, z
′
1, . . . , zs, z
′
s} 6= ∅. This leaves at most 2 · 2s · |R| < 4t|R| possibilities for such
(z, z′).
Roughly speaking, the next lemma will be used to find P3[2]’s with the property that
d(x1, x2, z1) and d(x1, x2, z2) are not too large.
Lemma 2.4. Let G be a graph on n vertices with minimum degree δ = ω(n2/3). Let S ⊂
V (G) have size s ≥ n1/3. Then there exists some λ = ω(1) such that the number of vertices
v ∈ V (G) with λ2
s
n1/3
< dS(v) ≤ λ
s
n1/3
is at least cδn1/3λ−11/10, where c = (
∑
i≥0 2
−i/10)−1.
Proof. Define U0 = {v ∈ V (G) : dS(v) ≤
s
n1/3
}, and for every positive integer i, let
Ui = {v ∈ V (G) :
s
n1/3
2i−1 < dS(v) ≤
s
n1/3
2i}.
Now we double count the number of edges between S and V (G) (viewed as a bipartite
graph). On the one hand, every y ∈ S has at least δ neighbours in V (G). On the other
hand, any v ∈ Ui has at most
s
n1/3
2i neighbours in S. Thus,
∑
i≥0
|Ui|
s
n1/3
2i ≥ sδ,
so ∑
i≥0
|Ui|2
i ≥ δn1/3.
It is easy to see that then there exists some i such that |Ui| ≥ 2
− 11i
10 cδn1/3. Since |Ui| ≤ n,
we have i = ω(1). So we may take λ = 2i.
The next lemma lists almost all properties that we require about the vertices x1, x2,
y1, y2, z1, z2, w1, w2 (discussed in the proof outline). The one additional property that we
will need is that d(y1, y2, w1, w2) < 6t.
Lemma 2.5. Let K be a constant and let G be a K-almost-regular, θ3,t[2]-free graph on
n vertices with minimum degree δ = ω(n2/3). Then there exist distinct vertices x1, x2 in
G and a set S ⊂ N(x1, x2) of size at least n
1/3 as follows. Writing s = |S|, there exist
λ = ω(1), µ = ω(1), and Ω(s
2n2/3λ27/10
µ11/10
) tuples (y1, y2, z1, z2) ∈ V (G)
4 satisfying the following
properties.
1. y1, y2 ∈ S and yizj are edges for every i, j.
2. x1, x2, y1, y2, z1, z2 are distinct.
3. dS(z1), dS(z2) ≤ λ
s
n1/3
.
4. d(x1, x2, z1, z2) < 6t.
5. µn1/3 ≤ d(z1, z2) ≤ 2µn
1/3.
Proof. Let c = (
∑
i≥0 2
−i/10)−1 as in Lemma 2.4. For every R ⊂ V (G) of size at least n1/3,
define λ(R) to be the largest λ such that the number of vertices v with λ2
|R|
n1/3
< dR(v) ≤ λ
|R|
n1/3
is at least cδn1/3λ−11/10. By Lemma 2.4, this is well-defined and λ(R) = ω(1). Since G has
minimum degree ω(n2/3), for sufficiently large n, it is easy to see that there exist distinct
u, v ∈ V (G) with d(u, v) ≥ n1/3. Choose distinct x1, x2 ∈ V (G) and S ⊂ N(x1, x2) such
that |S| ≥ n1/3 and λ(S) is minimal among these choices. Let λ = λ(S). It remains to find
µ and enough number of tuples (y1, y2, z1, z2) with properties 1.-5.
4
This is done in two main steps.
Step 1. We find Ω(s2n2/3λ9/5) tuples (y1, y2, z1, z2) satisfying properties 1., 2. and 3.
Let U = {v ∈ V (G) \ {x1, x2} :
λ
2
s
n1/3
< dS(v) ≤ λ
s
n1/3
}. Then |U | ≥ cδn1/3λ−11/10− 2 ≥
nλ−11/10 for n sufficiently large.
Clearly, the number of triples (y1, y2, z) with y1, y2 ∈ S distinct, z ∈ U and y1z, y2z ∈
E(G) is at least |U |(λ2
s
n1/3
)(λ2
s
n1/3
− 1) = Ω(s2n1/3λ9/10). Hence, on average, for a pair
y1, y2 ∈ S there are Ω(n
1/3λ9/10) vertices z ∈ N(y1, y2) ∩ U . By convexity, on average, for a
pair y1, y2 ∈ S there are Ω(n
2/3λ9/5) pairs of distinct vertices z1, z2 ∈ N(y1, y2) ∩ U . Since
any z ∈ U has dS(z) ≤ λ
s
n1/3
, this completes Step 1.
Step 2. We find Ω(s2nλ27/10) tuples (y1, y2, z1, z2, w) satisfying properties 1., 2., 3. and
4. with the additional properties that d(z1, z2) ≥ n
1/3λ4/5 and z1w, z2w ∈ E(G).
For y1, y2 ∈ S, let N(y1, y2)
∗ = {v ∈ N(y1, y2)\{x1, x2} : dS(v) ≤ λ
s
n1/3
}. The conclusion
of Step 1 implies that
∑
y1,y2∈S distinct
|N(y1, y2)
∗|2 = Ω(s2n2/3λ9/5).
Hence, ∑
y1,y2∈S distinct
|N(y1,y2)∗|≥n1/3
|N(y1, y2)
∗|2 = Ω(s2n2/3λ9/5). (1)
We now prove that for any distinct y1, y2 ∈ S with |N(y1, y2)
∗| ≥ n1/3, the number of triples
(z1, z2, w) of distinct vertices with (z1, z2) ∈ N(y1, y2)
∗, d(x1, x2, z1, z2) < 6t, d(z1, z2) ≥
n1/3λ4/5 and w ∈ N(z1, z2) is Ω(|N(y1, y2)
∗|2n1/3λ9/10). Using equation (1), this would
complete Step 2.
Let some distinct y1, y2 ∈ S have |N(y1, y2)
∗| ≥ n1/3. Let R = N(y1, y2)
∗. By defini-
tion, the number of vertices v with dR(v) >
λ(R)
2
|R|
n1/3
is at least cδn1/3λ(R)−11/10. Thus,
the number of triples of distinct vertices (z1, z2, w) with z1, z2 ∈ R and w ∈ N(z1, z2) is
Ω(|R|2δn−1/3λ(R)9/10) ≥ Ω(|R|2δn−1/3λ9/10). By Lemma 2.3, the number of pairs of dis-
tinct vertices (z1, z2) in R with d(x1, x2, z1, z2) ≥ 6t is at most 4t|R|. Hence, the number
of triples (z1, z2, w) involving such pairs (z1, z2) is at most 4t|R|δ. Note that |R| ≥ n
1/3
and λ = ω(1), so 4t|R|δ = o(|R|2δn−1/3λ9/10). Moreover, the number of triples (z1, z2, w)
with z1, z2 ∈ R, w ∈ N(z1, z2) and d(z1, z2) ≤ n
1/3λ4/5 is clearly at most |R|2n1/3λ4/5,
which is again o(|R|2n1/3λ9/10). Thus, the number of triples (z1, z2, w) of distinct ver-
tices with (z1, z2) ∈ R, d(x1, x2, z1, z2) < 6t, d(z1, z2) ≥ n
1/3λ4/5 and w ∈ N(z1, z2) is
Ω(|R|2δn−1/3λ9/10). This is Ω(|N(y1, y2)
∗|2n1/3λ9/10), as claimed.
Using the conclusion of Step 2, there exists some positive integer j such that there
exist Ω(s
2nλ27/10
2j/10
) tuples (y1, y2, z1, z2, w) satisfying properties 1., 2., 3. and 4. with the
additional properties n1/3λ4/52j−1 ≤ d(z1, z2) < n
1/3λ4/52j and z1w, z2w ∈ E(G). Take
µ = λ4/52j−1 = ω(1). Then the number of tuples (y1, y2, z1, z2) satisfying properties 1.-5. is
Ω( s
2nλ27/10
2j/10n1/3λ4/52j
), which is Ω(s
2n2/3λ27/10
µ11/10
).
2.2 Counting the number of pairs of P3[2]’s which share an internal vertex
Lemma 2.6. Let T be a tree with a special vertex v. Let G be a bipartite graph with parts
X and Y of size at most n. Assume that G has ω(n2) K2,2’s. Then G contains a copy of
T [2] with the two images of v embedded in X.
The proof of this lemma is similar to the proof of Theorem 1.6 in [8], so it is omitted.
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z1 z2vt v′tv2 v
′
2
v1 v′1
w1 w′1 w2 w
′
2
wt w′tu u′
N(z1, z2)
R
Figure 1: θ3,t[2] in the proof of Lemma 2.7
Lemma 2.7. Let G be a θ3,t[2]-free bipartite graph. Let z1, z2 be distinct vertices in G and let
N(z1, z2) have size ℓ = ω(1). Let q = ω(ℓ
1/2). Let R ⊂ {v ∈ V (G)\{z1, z2} : d(v, z1, z2) ≥ q}.
Then the number of triples (z′, w1, w2) of distinct vertices with z
′ ∈ R, w1, w2 ∈ N(z
′, z1, z2)
is O(ℓ2).
Proof. Suppose that the number of triples (z′, w1, w2) of distinct vertices with z
′ ∈
R, w1, w2 ∈ N(z
′, z1, z2) is ω(ℓ
2). Clearly we may assume that |R| ≤ ℓ. By as-
sumption, on average a pair (w1, w2) ∈ N(z1, z2)
2 of distinct vertices has ω(1) com-
mon neighbours in R. Hence, there exist ω(ℓ2) many K2,2’s in G with one part in
N(z1, z2) and the other in R. Since G is bipartite, we have R ∩ N(z1, z2) = ∅. By
Lemma 2.6, there exist distinct vertices u, u′, w1, w
′
1, w2, w
′
2, . . . , wt, w
′
t ∈ N(z1, z2) and
v1, v
′
1, v2, v
′
2, . . . , vt, v
′
t ∈ R such that vi, v
′
i ∈ N(u, u
′, wi, w
′
i) for every 1 ≤ i ≤ t. Then
the vertices z1, z2, u, u
′, w1, w
′
1, w2, w
′
2, . . . , wt, w
′
t, v1, v
′
1, v2, v
′
2, . . . , vt, v
′
t together form a copy
of θ3,t[2] (see Figure 1), which is a contradiction.
We are now in a position to complete the proof of our main result.
Proof of Theorem 2.2. Assume for contradiction that G does not contain θ3,t[2] as a
subgraph. Choose x1, x2, S, λ, µ as in Lemma 2.5. Let Q be a set of q = Ω(
s2n2/3λ27/10
µ11/10
)
tuples (y1, y2, z1, z2) with the five properties given in Lemma 2.5. By property 5. and
Lemma 2.3, any such tuple can be extended Θ(µ2n2/3) ways to a tuple (y1, y2, z1, z2, w1, w2)
of vertices with the additional properties that w1 and w2 are distinct elements of N(z1, z2) \
{x1, x2, y1, y2} and d(y1, y2, w1, w2) < 6t. Let R be the set of all tuples obtained this way and
let r = |R|. Note that r = Θ(qµ2n2/3), so r = ω(( λs
n1/3
)2n2). Thus, on average a pair (w1, w2)
of distinct vertices can be extended in ω(( λs
n1/3
)2) ways to a tuple (y1, y2, z1, z2, w1, w2) ∈ R.
Assume that a pair (w1, w2) can be extended to h = ω((
λs
n1/3
)2) such tuples. Find
a maximal set of disjoint tuples (y11, y
1
2 , z
1
1 , z
1
2), (y
2
1 , y
2
2, z
2
1 , z
2
2), . . . , (y
k
1 , y
k
2 , z
k
1 , z
k
2 ) such that
(yi1, y
i
2, z
i
1, z
i
2, w1, w2) ∈ R for every 1 ≤ i ≤ k. Since G is θ3,t[2]-free, we have k <
t. Now for any y1, y2, z1, z2 with (y1, y2, z1, z2, w1, w2) ∈ R, we have {y1, y2, z1, z2} ∩
{y11 , y
1
2 , z
1
1 , z
1
2 , y
2
1 , y
2
2, z
2
1 , z
2
2 , . . . , y
k
1 , y
k
2 , z
k
1 , z
k
2} 6= ∅. By the pigeon hole principle, there exists
some v ∈ {y11 , y
1
2, z
1
1 , z
1
2 , y
2
1, y
2
2 , z
2
1 , z
2
2 , . . . , y
k
1 , y
k
2 , z
k
1 , z
k
2} such that at least one of the following
holds.
(i) There are at least h16k tuples (y1, y2, z1, z2, w1, w2) ∈ R with y1 = v.
(ii) There are at least h16k tuples (y1, y2, z1, z2, w1, w2) ∈ R with y2 = v.
(iii) There are at least h16k tuples (y1, y2, z1, z2, w1, w2) ∈ R with z1 = v.
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x1
x2
y′2
y2
y1 = y
′
1
z2
z′2
z′1
z1
w1
w2
Figure 2: An element of A
(iv) There are at least h16k tuples (y1, y2, z1, z2, w1, w2) ∈ R with z2 = v.
If (y1, y2, z1, z2, w1, w2) ∈ R, then by property 3. in Lemma 2.5, dS(z1) ≤
λs
n1/3
, by property
1. we have y1, y2 ∈ S, and finally d(y1, y2, w1, w2) < 6t. Thus, there are at most (
λs
n1/3
)2 · 6t
ways to extend a fixed choice of z1, w1, w2 to get (y1, y2, z1, z2, w1, w2) ∈ R. In particular,
(since in our case h = ω(( λs
n1/3
)2)), case (iii) is impossible. Similarly, case (iv) is impossible.
Thus, either case (i) or case (ii) holds.
Assume, without loss of generality, that case (i) holds. Since d(y1, y2, w1, w2) < 6t, for
any u ∈ V (G) there are at most (6t)2 tuples (y1, y2, z1, z2, w1, w2) ∈ R with y1 = v, y2 = u.
Moreover, for any u ∈ V (G) there are at most λs
n1/3
· 6t tuples (y1, y2, z1, z2, w1, w2) ∈ R with
y1 = v, z1 = u, and there are at most
λs
n1/3
· 6t tuples (y1, y2, z1, z2, w1, w2) ∈ R with y1 =
v, z2 = u. Hence, almost all pairs from our at least
h
16k tuples (y1, y2, z1, z2, w1, w2) ∈ R with
y1 = v are disjoint apart from y1, w1 and w2. Thus, for our fixed w1, w2, there are Ω(h
2) pairs
(y1, y2, z1, z2, w1, w2), (y
′
1, y
′
2, z
′
1, z
′
2, w1, w2) ∈ R with y1 = y
′
1 but {y2, z1, z2}∩{y
′
2, z
′
1, z
′
2} = ∅.
Summing over all pairs (w1, w2) and noting the symmetry of cases (i) and (ii) above, we
get Ω(n2 · ( rn2 )
2) = Ω( r
2
n2 ) pairs (y1, y2, z1, z2, w1, w2), (y
′
1, y
′
2, z
′
1, z
′
2, w1, w2) ∈ R with y1 = y
′
1
but {y2, z1, z2}∩{y
′
2, z
′
1, z
′
2} = ∅. Let A be the set of all tuples (y1, y2, z1, z2, w1, w2, y
′
2, z
′
1, z
′
2)
for which (y1, y2, z1, z2, w1, w2), (y1, y
′
2, z
′
1, z
′
2, w1, w2) ∈ R and {y2, z1, z2} ∩ {y
′
2, z
′
1, z
′
2} = ∅
(see Figure 2). Then |A| = Ω( r
2
n2 ).
Note that for any (y1, y2, z1, z2, w1, w2, y
′
2, z
′
1, z
′
2) ∈ A, we have (y1, y2, z1, z2) ∈ Q and
y′2 ∈ S, so there are at most qs choices for y1, y2, z1, z2, y
′
2. Hence, on average there are
Ω( r
2
n2qs) ways to extend such a choice to an element of A. Note that
r2
n2qs = Θ(
qµ4
n2/3s
) ≥
Ω(sλ27/10µ29/10) ≥ Ω(n1/3µ29/10).
Let y1, y2, z1, z2, y
′
2 be vertices which extend in g = Ω(n
1/3µ29/10) ways to an element of
A. Similarly to the pigeon hole argument above, there must exist a vertex v such that at
least one of the following holds.
(i) There are at least g16t ways to extend y1, y2, z1, z2, y
′
2 to an element of A with z
′
1 = v.
(ii) There are at least g16t ways to extend y1, y2, z1, z2, y
′
2 to an element of A with z
′
2 = v.
(iii) There are at least g16t ways to extend y1, y2, z1, z2, y
′
2 to an element of A with w1 = v.
(iv) There are at least g16t ways to extend y1, y2, z1, z2, y
′
2 to an element of A with w2 = v.
Suppose that case (iii) holds. Then there are Ω(n1/3µ29/10) ways to extend y1, y2, z1, z2, y
′
2, w1
to an element of A. However, in any element of A, we have w2 ∈ N(z1, z2) and, by property
5., d(z1, z2) ≤ 2µn
1/3. Moreover, z′1, z
′
2 ∈ N(y1, y
′
2, w1, w2) and d(y1, y
′
2, w1, w2) < 6t, so
there are at most 2µn1/3 · (6t)2 ways to extend y1, y2, z1, z2, y
′
2, w1 to an element of A. This
contradicts µ = ω(1), so either case (i) or case (ii) must hold. Without loss of generality,
assume that (i) holds.
The number of ways to extend y1, y2, z1, z2, y
′
2, z
′
1 to an element of A is at most
d(z1, z2, z
′
1)
2 · 6t, so we must have d(z1, z2, v) ≥ (
g
16t·6t)
1/2 ≥ n1/6µ28/20 when n is sufficiently
large. So for our fixed choice of y1, y2, z1, z2, y
′
2 there are at least
g
16t ways to extend to an
element of A such that d(z1, z2, z
′
1) ≥ n
1/6µ28/20 holds. Summing over all y1, y2, z1, z2, y
′
2, we
obtain Θ(|A|) = Ω( r
2
n2
) elements of A in which d(z1, z2, z
′
1) ≥ µ
28/20n1/6.
We now prove that this is impossible by counting such elements of A in a different
way. Note that (y1, y2, z1, z2) ∈ Q, so there are at most q choices for these vertices. For
any such choice µn1/3 ≤ d(z1, z2) ≤ 2µn
1/3. Since µ28/20n1/6 = ω((2µn1/3)1/2), Lemma
2.7 implies that there are O((µn1/3)2) choices for (z′1, w1, w2). Moreover, there are at most
dS(z
′
1) ≤ λ
s
n1/3
choices for y′2. Finally, there are at most d(y1, y
′
2, w1, w2) < 6t choices for z
′
2.
Altogether, we find that there are O(q · (µn1/3)2 ·λ s
n1/3
·6t) elements of A with d(z1, z2, z
′
1) ≥
µ28/20n1/6. But we have already seen that this number is Ω( r
2
n2 ) = Ω(q
2µ4n−2/3), which is a
contradiction since q = Ω(s
2n2/3λ27/10
µ11/10
), s ≥ n1/3, λ = ω(1) and µ = ω(1).
3 Concluding remarks
Conjecture 1.2 is still open is most cases and appears to be quite hard. Even proving the
conjectured upper bound for ex(n,C6[r]) (with general r) or ex(n,C2k[2]) (with general k)
seems to require some new ideas.
Another interesting problem is to give good lower bounds for ex(n,C6[2]) and to find a
small value of t for which ex(n, θ3,t[2]) = Θ(n
5/3) already holds.
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